Abstract----Shallow shell theory iq used to investigate the non-linear plane deformation of a circular cylindrical panel elastically restrained against rotation at the supports. The critical or equilibrium configurations which may exist at zero load are determined. By examining the local stability of the various configurations, the critical rotational stiffness is obtained. above which the shell cannot exhibit dynamic snap-through under impulsive load. binally for the range of geometries and rotational stiffness for which snap-through may exist, a suffkient condition for stability is given.
INTRODUCTION
IN A PREVIOUS paper fl] the authors used shallow shell theory to investig&e the dynamic stability of simply supported cylindrical panels subject to impulsive loading. The actual impulse to produce snap-through was obtained by direct integration of the equations of motion. The results implied that the critical impulse is strongly dependent upon the spatial distribution of the loading. The values obtained were compared to the values associated with a sufficient condition for stability. Although the sufficiency condition may be conservative, it does provide a bound valid for all distributions.
The su~ciency condition was based on the theory introduced by Hsu [2] . For the problem of impulsive loading of an initially undeformed shell. the condition is equivalent to the statement that the total energy imparted 10 the shell is less than the potential energy associated with the first non-trivial cquilibri~m configuration encountered in the phase space by successive energy surfaces expanding about the undeformed state. It is necessarily an unstable configuration. Implied in the above statement is the ass~~mption that at least one non-trivial cqLl~Iibri~tm configuration exists which is locally stable. Dynamic snap-through instability cannot occur if the only locally stable equilibrium state is the undeformed configuration. Hsu [3] showed that simply supported sinusoidal and parabolic arches have for a range of geometries a stable non-trivial equiIibriL~m con~guration, whereas the corresponding clamped arches do not. Vahidi [4] also concluded that clamped shallow archescannot exhibit snap-through.
Based on the formulation in [l] , the present paper investigates a shallow cylindrical + Physical Scientist. formerly Lecturer. the University of Michigan. Ann Arbor. Michigan.
panel which is elastically restrained against rotation at the supports. From the above discussion it is clear that a critical restraint stiffness must exist, above which dynamic snap-through cannot occur. After obtaining the equilibrium configurations, this critical stiffness is determined by examining the local stability of the various equilibrium states, The sufficient condition for stability is then obtained for the range of geometries and restraint stiffness for which dynamic snap-through can exist.
FORMULATION
The shell geometry is shown in Fig. 1 . We consider plane motion of the shell. Before deformation a mid-surface point P has polar coordinates (a. 0). The point in the deformed shell is located by the displacement vector
where a is the radius of the mid-surface, /j is the semi-opening angle, and t and n are the unit tangent and normal vectors to the undeformed mid-surface. Thus 4 and Ic/ are dimensionless radial and tangential displacement components.
FE. 1. Shell geometry.
The membrane force N and bending moment M per unit length of cylinder are
where h is the shell thickness. E is Young's modulus. v is Poisson's ratio and q = *' -$I + f 4" j@ = -4".
in which the prime denotes 3!8r where r = oip.
In (2) the quantity /?"q is the mid-surface strain, and in (3) the quantity @/a is the change in curvature .t The equations governing the free plane motion are given in [ 11. Consistent with the use of (5), they are in the present notation
The dot denotes d/Z? where
in which t is real time.
The boundary conditions considered in the present paper are
in which
where k is the torsional spring constant of the rotational restraint per unit length.
THE CRITICAL CONFIGURATIONS
To obtain a sufficient condition for snap-through stability we first obtain the critical or equilibrium configurations. Setting the time derivatives to zero and using (7b). equation (7a) reduces to It follows from (lob) yields
(7b) that y is a constant. Integrating (4) and using
Equations (12) and (13) together with the boundary conditions (1Oa) and (10~) determine the critical configurations.
The trivial solution (4 = II/ = 0) is the undeformed state. Depending upon the geometric and stiffness parameters. there may be zero. two, or more additional configurations.
The solution is
f In [ 11 the expression used was equivalent to R = -(4" + /I'd). Here the second term is dropped since for numerical computation it is negligible in comparison to 4".
where 4 k the eigenvalue. h is a constant associated with a specific configuration and
The eigenvalue is related to the membrane strain through the relation '1 = -q'.1/P. 
[set" q -tan q!q].
There may also exist non-symmetric configurations for which
and q is a root of the characteristic equation
Clearly. non-symmetric configurations exist only when the right hand side of (19) is positive. Setting b2 equal to zero and solving for 3, for a specific root to (20) . q = qN, we obtain -3 AZ (sec2 q -tan q/q) 1.
(21)
The roots of (20) Thus an additional pair?-of non-symmetric configurations exist as I is increased beyond x,.
To investigate the existence of symmetric configurations we examine the characteristic equation (18) In the present investigation the constants AN were determined numerlcally through iteration. If the sequences for 1, and x, are both arranged in ascending order. then with 1, only slightly larger than r,,,. The conditions for the existence of various kinds of equilrbrium configurations is summarized in Fig. 2 . The /1 -K plane is divided into regions by the curves labeled H,, H,. . . The curve Hi is associated with the root gi, the roots being ordered by increasing magnitude. Because the numerical difference between 2, and i, is very small. the curve associated with qi is indistinguishable from Hi in the figure. Thus. at least two symmetric and two non-symmetric configurations exist above and to the left of each curve. The undeformed configuration, of course. exists everywhere. As 1. increases or K decreases. an increasing number of configurations may exist. The total number existing in each region is shown as the first number in the parentheses, We next examine the energy state associated with each critical configuration. We intro&m the dimensionkss potential energy where U is the total potential energy. p is the dimensionless strain energy. and 4. is due to the external elastic restraints against rotation at r = k I. We have
Substituting (14) into (23) gives. after simplification. Plots of u vs. 2 are shown in Fig. 3 and Fig. 4 for K = 1 and K = 10 respectively.?
The distribution of critical configurations as a function of A is evident in the figures. In Fig. 4 the differences between JN and 2, are too small to distinguish.
LOCAL STABILITY OF CRITICAL CONFIGURATIONS
For snap-through to occur. a stable non-trivial equilibrium configuration must exist. Thus we must investigate the stability character of each equilibrium configuration. We denote the perturbation from a given configuration 4, by 4d. Thus the perturbed motion is i-The plot corresponding to K = 0 is given in [l] .
We introduce the representation
,=I
where the Zj are the natural modes of infinitesimal vibration about the undeformed configuration.
For convenience they are listed in the Appendix. Substituting (27) into (26a). using Galerkin's method. and retaining only the terms linear in the T,(T) gives the governing equations for small perturbations.
The result is where I Ti + 1 cjj T, = 0,
The constant ,uj in (28e) is the natural frequency of thej-th mode of infinitesimal vibration about the undeformed configuration. Expressions for Pij. Qi and ni may be obtained by direct integration.
For brevity they are omitted here. The eigenvalues of the matrix Cij are the squares of the natural frequencies of the perturbed motion. Hence the critical configuration is unstable if any of the eigenvalues are negative. For the present analysis the first twenty eigenvalues were determined numerically with the Jacobi Method. after truncating Cij to a 20 x 20 array. Using additional modes did not significantly change their values. In Fig. 2 the second number in the parentheses indicate the number of stable configurations which exist in each region. At most. only one configuration (in addition to the undeformed one) is stable. It exists in the region above and to the left of the curve S,S,S, : everywhere else in the j_ -K plane only the undeformed configuration is stable. When the second stable equilibrium configuration exists, it is symmetric and corresponds to 4 < qs where qs is the lowest root to (18) associated with points along the curve S, S,. Our numerical investigation indicates that q, is approximately equal to 7~
CONCLUSIONS
Dynamic snap-through instability cannot occur if the undeformed configuration is the only locally stable equilibrium configuration. Thus in the present problem. dynamic snap-through can only occur in the region above the curve S0S,S2 in the 1. -K plane (Fig. 2) . The critical spring stiffness is the value of K on the curve S0SiS2. It is a function of j_. but it is clear from the figure that snap-through will never occur if K exceeds 1.6. For the region where snap-through may occur we can state a sufficient condition for stability.
The unstable configuration with the lowest energy level is non-symmetric. 
